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Twisted Poincare´ Series and Geometric Factorization of Affine
Weyl Groups
Ming-Hsuan Kang ∗ Jiu Kang Yu †
Abstract
We study the relation between the alternating product of twisted Poincar’e series of parabolic sub-
groups of affineWeyl groups and hyperbolic stabilizers of geodesic tubes. Moreover, from such relation,
we find a length-preserving factorization of affine Weyl groups of type A˜n and C˜n.
1 Introduction
Let (W,S) be a Coxeter system of rank n = |S|. For each parabolic subgroupWI generated by I ⊂ S,
one can consider its Poincare´ series
WI(u) =
∑
w∈WI
uℓ(w),
where ℓ(w) is the word length of w with respect to S. The Poincare´ series are well-studied over the past
decades and they play important roles in the classical invariant theory. For example, when W is finite,
let f1, · · · , fn be the degrees of the fundamental polynomial invariants ofW , then
W (u) =
n∏
i=1
1− ufi
1− u
.
Moreover, we have ∑
I⊂S
(−1)|I|
W (u)
WI(u)
= uℓ(w0),
where w0 is the unique element of maximal length in W . In [KM18], the authors study the alternating
product of the Poincare´ series of parabolic subgroups for the case whenW is an affineWeyl group. They
show that there are some positive integers d1, · · · , dn−1 such that∏
I⊂S
WI(u)
(−1)|S|+|I| =
1
(1− ud1) · · · (1− udn−1)
. (1)
The set of integers {d1, · · · , dn−1} does not occur in any classical known results but it does carry some
information of the affine Weyl group. For instance, {di} is bounded by the Coxeter number h and the
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number of times h occurs in {d1, · · · , dn−1} is always equal to the connection index ofW minus one.
However, these numbers are obtained through case by case computation and no general formula is given.
Besides, the authors also study Equation (1) for the complex Hecke algebraHq(W,S) associated to
W with the formal parameter q. Let {ew, w ∈W} be the standard basis ofHq(W,S). Given a complex
linear representation (σ, V ) ofHq(W,S), one can consider the twisted Poincare´ series
WI(σ, u) =
∑
w∈WI
σ(ew)u
ℓ(w),
which is a power series with coefficients in End(V ). They make the following conjecture and prove the
case for n = 3.
Conjecture 1.0.1. There exist T1, · · · , Tn−1 ∈W satisfying the following conditions.
(a) Ti is a generator of the hyperbolic stabilizer of some geodesic tube (See §2 for definition) and it is
of length di.
(b) Let Ti = {T
N
i : N > 0} be the monoid generated by Ti with the twisted Poincare´ series
Ti(σ, u) =
∞∑
k=0
σ(eTki )u
ℓ(Tki ).
When σ is finite dimensional, we have
∏
I⊂S
detWI(σ, u)
(−1)n+|I| =
n−1∏
i=1
detTi(σ, u).
This paper is organized as follows. In Chapter two, we prove the part (a) of the conjecture for general
affine Weyl groups and find an explicit formula of di in terms of coroots. In Chapter three, we study
the length-preserving alternating product of parabolic subgroups. In Chapter four and five, we prove
the part (b) of the conjecture for the affine Weyl groups of type A˜n−1 and C˜n−1 by finding a special
length-preserving factorization of the affine Weyl groups.
2 Hyperbolic stabilizers of Geodesic tubes
2.1 Affine Weyl groups
In this section, we follow the notation from [Bou02]. Let Φ be a reduced root system in a real vector
space V of dimension n−1with theWeyl groupW , which is also identified as a group of automorphisms
of the dual space V ∗. Let (·, ·) be aW -invariant inner product on V ∗, let 〈·, ·〉 be the canonical pairing
on V × V ∗, and let A be the affine space underlying V ∗.
An affine root (α, k) ∈ Φ× Z is an affine function on A given by (α, k)(x) := 〈α, x〉 − k. One can
associate an affine reflection to (α, k) by the formula
sα,k(x) := x− (〈α, x〉 − k)α
∨,
where α∨ is the coroot of α. The group generated by {sα,k : α ∈ Φ, k ∈ Z} is the affine Weyl group of
Φ, denoted byW aff .
2
Fix a choice of the set of simple roots B = {α1, · · · , αn−1} of Φ and let α˜ be the corresponding
highest root. In this case, {(−α˜, 1), (α1, 0), (α2, 0), · · · , (αn−1, 0)} forms a set of affine simple roots.
Let s0 := s−α˜,1 and si = sαi,0 for i = 1 to n− 1. Then the set of reflections S = {s1, · · · , sn−1}
generates W and S ∪ {s0} generates W
aff . Moreover, (W,S) and (W aff , S ∪ {s0}) are both Coxeter
systems.
Let Q be the coroot lattice spanned by the set of coroots Φ∨, then the affine Weyl group can be also
expressed as
W aff = Q⋊W = {tvw : v ∈ Q,w ∈ W}.
Here tv is the translation by v.
For a proper subset I of S, let BI = {α ∈ B : sα,0 ∈ I}. Let ΦI ,WI , andW
aff
I be its correspond-
ing root system, Weyl group, and affine Weyl group respectively. Besides, let AI be the affine space
underlying the subspace of V ∗ spanned by α∨ for α∨ ∈ BI .
2.2 Geodesic tubes
For an affine root (α, k), the hyperplane
Hα,k = {v ∈ A : 〈α, v〉 = k}
is called a wall. The collection of walls {Hα,k : α ∈ Φ, k ∈ Z} induces a simplicial structure of A
whose top dimensional simplices, called alcoves, are connected components of A\
⋃
Hα,k.
Let {ω∨1 , · · · , ω
∨
n−1} be the set of fundamental coweights relative to B so that 〈αi, ω
∨
j 〉 = δij . Fix a
fundamental coweight β∨ = ω∨i and let I = S\{si}. If we remove the set of walls
W = {Hα,k : α ∈ Φ, k ∈ Z, 〈α, β
∨〉 = 0} = {Hα,k : α ∈ ΦI , k ∈ Z},
the connected components in the resulted space A\W are called geodesic tubes of direction β∨. More-
over, the image of geodesic tubes of direction β∨ under the action ofW are called geodesic tubes of type
β∨.
LetT be a geodesic tube of direction β∨. Note that every wall inW is invariant under the translation
by β∨, and so is T . Moreover, we also have AI = (Rβ
∨)⊥ and we can write T = (T ∩ AI) + Rβ
∨.
Here T ∩ AI is a connected component of (A\W ) ∩ AI , which can be regarded as an alcove relative
to W affI . Especially, these connected components are polysimplices and the action of W
aff
I on them is
transitive. Consequently, we have the following result.
Proposition 2.2.1. W affI acts transitively on the set of geodesic tubes of direction β
∨ in A.
Let x be the barycenter of T ∩ AI , then L = x+ Rβ
∨ is the centerline of T . This centerline will
play an important role in studying the stabilizer of T .
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Proposition 2.2.2. The centerline L intersects some alcove. Especially, if an element w ∈ W aff fixes
L pointwisely, then w is equal to the identity element.
Proof. Suppose L does not intersect any alcove. Then L is contained in the union of all walls. Since
there are only countable many walls and L contain uncountable many points, so there exists some wall
Hα,k containing at least two points of L . Therefore, we have 〈α, β
∨〉 = 0, which means Hα,k is an
element of W . On the other hand, it is clear that the barycenter x is not contained in any wall in W ,
which is a contradiction.
The second part of the proposition directly follows by the simply transitivity of the action of W aff
on alcoves.
2.3 Hyperbolic stabilizers of geodesic tubes
First, let us recall some results about affine isometries of Euclidean spaces. For an affine isometry γ of
A, set
dγ = inf{d(x, γx) : x ∈ A} and Min(γ) = {x ∈ A : d(x, γx) = dγ}.
When Min(γ) is non-empty, γ is called semi-simple. In this case, γ is called hyperbolic if dγ > 0.
Theorem 2.3.1 ([BH99] §2, Proposition 6.2 and Theorem 6.8). Every affine isometry γ on A is semi-
simple and Min(γ) is an affine subspace of A. Moreover, γ
∣∣
Min(γ) is a translation by some vector vγ .
Furthermore, every γ-invariant affine line is contained in Min(γ).
Applying the above theorem, we have the following result.
Corollary 2.3.2. Let γ be an affine isometry on V and E1 be a γ-invariant affine subspace contained in
Min(γ). Let E2 be any affine orthogonal complement of E1. Then t
−vγγ(E2) = E2.
Proof. Without loss of generality, we may assume that E1 and E2 are linear subspaces of A, then E2
is the usual orthogonal complement subspace (in the sense of linear algebra) of E1. By Theorem 2.3.1,
t−vγγ acts trivially on E1. Especially, it fixes the origin. Therefore, t
−vγγ is a linear isometry and it
stabilizes the orthogonal complementE2 of E1.
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2.4 Hyperbolic generator
Let us apply Theorem 2.3.1 to affine Weyl groups. For w = tvw0 ∈ Q ⋊W , let m be the order of
w0, then w
m is a translation. Since the action of wm on Min(w) is the translation by mvw, we have
wm = tmvw .
Theorem 2.4.1. Let T be a geodesic tube of direction β∨ with the centerline L . Suppose w is hyper-
bolic. The following are equivalent.
1. w(T ) = T .
2. L ⊂ Min(w) and vw is parallel to β
∨.
3. There exists some point y ∈ T ∩Min(w) contained in some alcove and vw is parallel to β
∨.
Proof. (1) ⇒ (2): Since w(T ) = T , T = wm(T ) = tmvw (T ). On the other hand, it is easy to see
if a translation tv stabilizes T , then v is parallel to β∨. Therefore, vw = cβ
∨ for some c ∈ R.
Since w is hyperbolic, it is semi-simple and there exists a w-invariant affine line L ′ in Min(w). The
affine line L ′ is parallel to β∨, so it is an affine orthogonal complement of AI . By Corollary 2.3.2,
t−vww stabilizes AI . Since t
−vww also stabilizes T , t−vww stabilizes AI ∩ T and hence fixes its
barycenter x. Therefore, w(x) = tvw (x) = x + vw. This implies that and x ∈ Min(w) and so does the
centerline L = x+ Rβ∨.
(2) ⇒ (3): By Proposition 2.2.2, there exists y ∈ L contained in some alcove. By assumption, y
is contained in T ∩Min(w).
(3) ⇒ (1): First, let us show that w permutes geodesic tubes of direction β∨. Write vw = cβ
∨ for
some nonzero c ∈ R, then wm = tmvw = tmcβ
∨
. Since w and wm = tmcβ
∨
commute, we have
w0(β
∨) = β∨. For anyHα,k ∈ W , we have
w(Hα,k) = {w(x) ∈ A : 〈x, α〉 = k} = {x ∈ A : 〈w
−1(x), α〉 = k}
Plug w−1(x) = w0(x − v) into the above equation, we obtain
w(Hα,k) = {x ∈ A : 〈w
−1
0 (x− vw), α〉 = k} = {x ∈ A : 〈x,w0(α)〉 = k + 〈v, w0(α)〉} = Hw0(α),k+〈v,w0〉
Since 〈β∨, α〉 = 0, we have
〈β∨, w0(α)〉 = 〈w
−1
0 (β
∨), α〉 = 〈β∨, α〉 = 0.
Therefore, w(Hα,k) ∈ W and w permutes geodesic tubes of direction β
∨.
Since all geodesic tubes of direction β∨ are disjoint, it remains to show that there exists a point
y′ ∈ T satisfying w(y′) ∈ T . By assumption, there exists a point y ∈ T ∩Min(w), Then we have
w(y) = y + vw = y + cβ
∨ ∈ T .
Next, we have the following criterion.
Corollary 2.4.2. For a hyperbolic element w in W aff , w stabilizes some geodesic tube of direction β∨
if vw is parallel to β
∨ and Min(w) is not contained in any wall.
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Proof. Since Min(w) is an affine subspace and it is not contained in any wall by assumption, Min(w) is
not contained in the union of all walls. Thus, there exists some point y ∈ Min(w) which is contained in
some geodesic tube of type β∨. By Theorem 2.4.1, w stabilizes the geodesic tube.
Now for a hyperbolic stabilizerw ∈ W aff ofT , write vw = cwβ
∨. SinceW aff is a discrete subgroup
of the group of affine isometries of V , there exists wmin ∈W
aff with minimal positive cw.
Proposition 2.4.3. Together with the identity, the hyperbolic elements in the stabilizer of T in W aff
forms a cyclic subgroup. Moreover, wmin is a generator.
Proof. First, let us show that the set given in the statement is a subgroup. It is sufficient to show that the
product of two hyperbolic stabilizers w and w′ is either hyperbolic or equal to the identity. By Theorem
2.4.1, the centerlineL ofT is contained inMin(w)∩Min(w′). Therefore,L is contained inMin(ww′),
which implies that ww′ is semi-simple and vww′ = vw + vw′ . Now if vw 6= −vw′ , then vww′ 6= ~0 and
ww′ is hyperbolic. If vw = −vw′ , then ww
′ fixes L point-wisely. By Proposition 2.2.2, ww′ is equal to
the identity.
Next, for a hyperbolic stabilizer w of T , followed by the definition of wmin and the division algo-
rithm, there exists some integer m, such that cw = mcwmin . Then w(wmin)
−m fixes L point-wisely.
By, Proposition 2.2.2, w(wmin)
−m is equal to the identity. Thus w = wmmin.
Let us call wmin the hyperbolic generator of T for short. Our next goal is computing the value of
cwmin . Recall that β
∨ = ω∨i is a fundamental coweight.
Theorem 2.4.4. The number cwmin is equal to
(ω∨i ,α
∨
i )
(ω∨i ,ω
∨
i )
.
Proof. For a hyperbolic stabilizer w of T , write w = tvw0 and let m be the order of w0. Then w
m =
tmvw , which implies that tvw and w commute. Since vw is nonzero and it is parallel to β
∨, we have
w0(β
∨) = β∨ and w0(AI) = AI . (Recall that I = S\{sβ} and AI = (Rβ
∨)⊥.) Write v = v1 + v2 for
some unique v1 ∈ Rβ
∨ and v2 ∈ AI . From the equality w
m = (tvw0)
m = tmvw , we have
mvw = mcwβ
∨ =
m−1∑
k=0
wk0 (v) = mv1 +
m−1∑
k=0
wk0 (v2).
This shows that v1 = vw = cwβ
∨ and
∑m−1
k=0 w
k
0 (v2) = 0. Taking the inner product with β
∨ on two
sides of the equation v1 = cwβ
∨, we obtain
cw =
(β∨, v1)
(β∨, β∨)
=
(β∨, vw)
(β∨, β∨)
. (2)
On the other hand, we can also write v as an integral linear combination of coroots
∑n−1
k=1 akα
∨
k , then
|cw| =
∣∣∣∣ (β∨, vw)(β∨, β∨)
∣∣∣∣ =
∣∣∣∣ (β∨, aiα∨i )(β∨, β∨)
∣∣∣∣ > (β∨, α∨i )(β∨, β∨) .
Since the above inequality holds for any hyperbolic stabilizer, we have cwmin > (β
∨, α∨i )/(β
∨, β∨).
To complete the proof, it remains to find a hyperbolic stabilizer w with cw = (β
∨, α∨i )/(β
∨, β∨).
Since t−α
∨
i (T ) is also a geodesic tube of direction β∨ andW affI acts transitively on the set of geodesic
tubes of type β∨, there exists some w′ ∈ W affI such that t
−α∨i (T ) = w′(T ). This implies that w =
6
tα
∨
i w′ stabilizes T . Write w′ = tvw0 for some v ∈ AI and w0 ∈ WI , then w = t
α∨i +vw˜0. By the same
token of Equation (2), we have
cw =
(β∨, α∨i + v)
(β∨, β∨)
=
(β∨, α∨i )
(β∨, β∨)
=
(ω∨i , α
∨
i )
(ω∨i , ω
∨
i )
.
2.5 The word length of wmin
To study the length ofwmin, let us recall some results about straight elements of affineWeyl groups from
[HN14]. An element w ∈ W aff is called straight if ℓ(wk) = kℓ(w) for all k ∈ N. When v lies in the
closed fundamental Weyl chamber, the length of the translation tv ∈ W aff is equal to 〈2ρ, v〉, where σ
is the half sum of positive roots. Using the fact, one have the following simple criterion of straightness.
Proposition 2.5.1. For w ∈ W aff , let v˜w be an element in W -orbit of vw contained in the closed
fundamental Weyl chamber. Then w is straight if and only if w admits a word expression of length
〈2ρ, v˜w〉. (In this case, w is of length 〈2ρ, v˜w〉.)
Besides, one can also determine if an element is conjugated to some straight element.
Theorem 2.5.2. For w ∈ W aff , w is conjugate to some straight element if Min(w) intersects some
alcove.
Remark. This theorem is a weak version of Lemma 2.7 in [HN14].
Applying the above theorem, we can compute the length of hyperbolic generators.
Theorem 2.5.3. Let wmin be the hyperbolic generator of a geodesic tube T of direction ω
∨
i , then wmin
is conjugate to some straight element of length
ℓ(wmin) =
(ω∨i , α
∨
i )
(ω∨i , ω
∨
i )
〈2ρ, ω∨i 〉.
Proof. By Proposition 2.2.2, Theorem 2.3.1, and Theorem 2.4.1, the centerline L of T is contained in
Vwmin and L intersects some alcove. By Theorem 2.5.2, g
−1wming is straight for some g ∈W
aff . Then
we have v˜g−1wming = v˜wmin = vwmin . Therefore,
ℓ(g−1wming) = 〈2ρ, v˜g−1wming〉 =
(ω∨i , α
∨
i )
(ω∨i , ω
∨
i )
〈2ρ, ω∨i 〉.
Since the element g−1wming in the above proof is the hyperbolic generator of the strip g
−1T , we
obtain the result immediately from Theorem 2.5.3.
Theorem 2.5.4. For i = 1 to n− 1, there exists a geodesic tube of type ω∨i , which hyperbolic generator
w is straight and of length
(ω∨i ,α
∨
i )
(ω∨i ,ω
∨
i )
〈2ρ, ω∨i 〉.
Remark. For a fundamental coweight ω∨i , such w may not be unique since the conjugacy class of w may
contain more than one straight element.
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2.6 The proof of the part (a) of Conjecture 1.0.1
The value
(ω∨i ,α
∨
i )
(ω∨i ,ω
∨
i )
is indeed the diagonal entry of the inverse of Cartan matrix and 〈2ρ, ω∨i 〉 is the ω
∨
i ’s
coefficient of 2ρ, so the value of
(ω∨i ,α
∨
i )
(ω∨i ,ω
∨
i )
〈2ρ, ω∨i 〉 can be easily computed from Table 2 in [OV90] (page
295-297). Together with the table of degrees in Theorem 5.0.2 in [KM18], we prove the part (a) of
Conjecture 1.0.1 as the following theorem.
Theorem 2.6.1. For an irreducible affine Weyl groupW with generating set S,
∏
I⊂S
WI(u)
(−1)|I|+|S|+1 =
n∏
i=1
(1− udi),
where
di =
(ω∨i , α
∨
i )
(ω∨i , ω
∨
i )
〈2ρ, ω∨i 〉,
is the length of the straight hyperbolic generator of some geodesic tube of type ω∨i .
3 Alternating product of parabolic subgroups
For the part (b) of Conjecture 1.0.1, we can rewrite it as
detW aff(σ, u) =

∏
I(S
detWI(σ, u)
(−1)1+|S|+|I|



|S|−1∏
i=1
detTi(σ, u)

 .
We will show that the above identity can be derived from a length-preserving decomposition of W aff .
To do so, we need introduce the concept of length-preserving quotient in Coxeter Systems.
3.1 Length-preserving quotient
Let (W,S) be an arbitrary Coxeter system. For subsetsD1,D2, andD3 ofW , we sayD3 is the left (resp.
right) length-preserving quotient of D1 with D2 if any x ∈ D1, there exist unique (y, z) ∈ D2 × D3
such that x = yz (resp. x = zy) and ℓ(x) = ℓ(y) + ℓ(z). In this case, we say that D2 divides D1
length-preservingly from left (resp. right). Beside, we also denoteD3 byD2\D1 (resp. D1/D2).
Example 3.1.1. For two subsets of generators I and J with I ⊂ J , then WI divides WJ length-
preservingly from both left and right.
Example 3.1.2. Suppose (W,S) is of type An and S = {s1, · · · , sn}. For I = {s2, · · · , sn} with
WI ∼= Sn−1, we have
W/WI = {s1, s2s1, s3s2s1, · · · , snsn−1 · · · s1}
and
WI\W = {s1, s1s2, s1s2s3, · · · , s1s2 · · · sn}.
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3.2 Hecke algebra
LetHq(W,S) be the complex Hecke algebra associated toW with the formal parameter q. Let {ew, w ∈
W} be the standard basis ofHq(W,S) which multiplications are characterized as follows.
(es + 1)(es − q) = 0 , if s ∈ S;
ewev = ewv , if ℓ(wv) = ℓ(w) + ℓ(v).
Let σ be a finite dimensional complex representation of Hq(W,S). According to the multiplication
of Hq(W,S), when D3 = D2\D1 (resp. D1/D2), we have D1(σ, u) = D2(σ, u)D3(σ, u) (resp.
D3(σ, u)D2(σ, u)) and detD1(σ, u) = detD2(σ, u) detD3(σ, u).
3.3 Index function on irreducible parabolic subgroups
Let P0 be the collection of all parabolic subgroups and C be the power set of S. ForWI in P0, we can
write WI as a product of irreducible parabolic subgroups WI1 × · · · ×WIj . In this case, each WIi is
called an irreducible component ofWI . Next, we define the index function ιWI to be the function on C
given by
ιWI (J) =

1, ifWJ is an irreducible componet ofWI ;0, otherwise. .
Especially, this implies that
detWI(σ, u) =
∏
J∈C
detWJ (σ, u)
ιWI (J). (3)
Let P be the set obtained fromP0 by finite many of the following steps.
• For D1 and D2 ∈ P, if D2 divides D1 length-preservingly from left, then append D2\D1 to P
and set ιD2\D1 := ιD1 − ιD2 .
• For D1 and D2 ∈ P, if D2 divides D1 length-preservingly from left (resp. right), then append
D1/D2 toP and set ιD1/D2 := ιD1 − ιD2 .
• For D1 and D2 ∈ P, if ℓ(xy) = ℓ(x) + ℓ(y) for all (x, y) ∈ D1 ×D2, then append D1D2 to P
and set ιD1D2 := ιD1 + ιD2 .
Remark. In order to make ι well-defined, one shall regard an element of P as a subset of W with an
explicit construction using the above three steps. In the rest of the paper, when we say a subset X ofW
is an element ofP, it always means an explicit construction ofX is given and ιX is defined via the given
construction.
Since each step above is length-preserving, Equation (3) holds for any element in P. Therefore, we
have the following result.
Theorem 3.3.1. ForX ∈ P, we have
detX(σ, u) =
∏
J∈C
det(WJ (σ, u))
ιX (J).
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3.4 Alternating product of proper parabolic subgroups
Given a subsetX ofW , we callX a length-preserving alternating product of proper parabolic subgroups
if X ∈ P and
ιX =
∑
I(S
(−1)|S|+|I|+1ιWI .
Theorem 3.4.1. If X is a length-preserving alternating product of proper parabolic subgroups of W ,
then for any finite dimensional complex representation σ of Hq(W,S),
detX(σ, u) =
∏
I(S
detWI(σ, u)
(−1)|S|+|I|+1 .
Proof. By Theorem 3.3.1 and Equation (3),
detX(σ, u) =
∏
J∈C
detWJ (σ, u)
ιX(J)
=
∏
J∈C
∏
I(S
detWJ (σ, u)
(−1)|S|+|I|+1ιWI (J)
=
∏
I(S
∏
J∈C
detWJ (σ, u)
(−1)|S|+|I|+1ιWI (J)
=
∏
I(S
detWI(σ, u)
(−1)|S|+|I|+1 .
3.5 Index function of the alternating product
Let us simplify the index function of a length-preserving alternating product of proper parabolic sub-
groups X . For a subset I of S, let ΓI be the Coxeter graph of (WI , I). Recall thatWI is irreducible if
and only if Γ is connected.
Let N(I) be the neighborhood of I in ΓS , which consists vertices of I and all vertices adjacent to
vertices of I .
For a subset J of I , ΓJ is an irreducible component of ΓS if and only if ΓJ is connected and
N(J) ∩ I = J . In this case, we can write I = J ∪ (N(J)c ∩ I) where N(J)c is the complement of
N(J). In this case,
ιX(J) =
∑
I(S
(−1)|S|+|I|+1ιWI (J) =
∑
I′⊂N(J)c
(−1)|S|+|J|+|I
′|+1
= (−1)|S|+|J|+1
∑
I′⊂N(J)c
(−1)|I
′|.
When N(J)c is empty, the summation
∑
I′⊂N(J)c(−1)
|I′| only contains one term and it is equal to 1.
When N(J)c is nonempty, the well-known property of Mo¨bius function on partial order sets shows that∑
I′⊂N(J)c(−1)
|I′| = 0. Therefore, we have the following result.
ιX(J) =

0 , if N(J) 6= S;(−1)|S|+|J|+1 , if N(J) = S.
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Example 3.5.1. Suppose (W,S) is the affine Coxeter group of type A˜n−1. Then for a proper subset J
of S, WJ is irreducible and N(J) = S if and only if WJ is of type An−1 or An−2. Therefore, X is a
length-preserving alternating product of proper parabolic subgroups ofW if
ιX =
∑
I⊂S
WI is of typeAn−1
ιWI −
∑
J⊂S
WJ is of typeAn−2
ιWJ
Example 3.5.2. Suppose (W,S) is the affine Coxeter group of type C˜n−1, which Coxeter graph is given
by
0
· · ·
1 2 n− 3 n− 2 n− 1
Then for a proper subset J of S,WJ is irreducible andN(J) = S if and only if J = {0, 1 · · · , n−2},
{1 · · · , n − 2}, or {1 · · · , n − 1}. Therefore, X is a length-preserving alternating product of proper
parabolic subgroups ofW if
ιX = ιW{0,1··· ,n−2} + ιW{1··· ,n−1} − ιW{1··· ,n−2}
4 Result for Type A˜n−1
4.1 Setting.
To study the case A˜n−1, let A be the affine subspace of R
n consisting of vectors ~x = (x0, . . . , xn−1)
such that
∑n−1
i=0 xi = 0. We set ei(~x) = xn−i for i = 1, . . . , n− 1. Then
{a0 := 1 + en − e1, a1 := e1 − e2, . . . , an−1 := en−1 − en}
are affine functions forming a system of simple affine roots. The corresponding fundamental domain is
defined by
x0 6 x1 6 · · · 6 xn−1 6 xn,
where we have adopt the convention that xi+n = xi + 1 for all i ∈ Z.
Moreover, the fundamental coweights are given by
ω∨i = (
−i
n
, . . . ,
−i
n︸ ︷︷ ︸
(n−i)-times
,
n− i
n
, . . . ,
n− i
n
)︸ ︷︷ ︸
i-times
for i = 1 to n− 1. The sum of positive roots is
2ρ = (n− 1)e1 + (n− 3)e2 + · · ·+ (−n+ 3)en−2 + (−n+ 1)en−1.
Roots are ±ei ± ej for all 1 6 i < j 6 n− 1.
Let si be the transposition (xn−ixn−i−1) for i = 0 to n (and especially s0(~x) = (xn−1−1, x1, x2, · · · , xn−2, x0+
1)). Then S = {s0, s1, · · · , sn−1} is the standard generating set of the affine Weyl groupW
aff , which
is of type A˜n−1.
The above fundamental domain has vertices v0, . . . , vn−1. It is easy to see thatWv0 = W{1,...,n−1} ≃
Sn acts onA by permuting the affine functionsx0, . . . , xn−1. Similarly,Wvi = W{0,1,...,i−1,i+1,,...,n−1} ≃
Sn acts by permuting the affine functions x−i, x−i+1, . . . , x−1, x0, x1, . . . , xn−i−1, for i = 0, . . . , n−1.
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4.2 The regions Si and the operators Ti.
For 0 6 i 6 n− 1, we put
Si = {~x ∈ A : x0 6 x1 6 · · · 6 xn−i−1 6 min{xn−i, . . . , xn−1, xn}}.
We notice that S0 is the above mentioned fundamental domain ofW
aff , and is bounded. For i > 1, Si is
unbounded. Finally, Sn−1 = {~x ∈ A : x0 is smallest among x0, . . . , xn−1} is a fundamental domain of
the cyclic group of order n, which permutes x0, . . . , xn−1 cyclically.
For 1 6 i 6 n− 1, we define the operator Ti : A→ A by the formula
Ti(x0, . . . , xn−1) = (xn−i−1 − 1, x0, . . . , xn−i−2, xn−i+1, . . . , xn−1, xn−i + 1).
Thus T−1i (x0, . . . , xn−1) = (x1, . . . , xn−i−1, x0+1, xn−1−1, xn−i, . . . , xn−2) and T
i(n−i)
i (x0, . . . , xn−1) =
(x0 − i, . . . , xn−i−1 − i, xn−i + n− i, . . . , xn−1 + n− i). It is immediately verified that Ti(Si) ⊂ Si
and
⋂
N>0 T
N
i (Si) is empty. It follows that Fi := SirTi(Si) can be regarded as a fundamental domain
for the monoid {TNi : N > 0}. We put F0 := S0 and observe
F0 = S0 ⊂ F1 ⊂ S1 ⊂ F2 ⊂ S2 ⊂ · · · ⊂ Fn−1 ⊂ Sn−1,
because
Ti(Si) = {~x ∈ A : x1 6 x2 6 · · · 6 xn−i−1 6 x0 + 1 6 min{xn−1 − 1, xn−i, . . . , xn−2, x1 + 1}}
is disjoint from Si−1. Indeed, they lie on two sides of the hyperplane xn−i = x0 + 1.
We can also easily check the set of vertices of Si is {v0, vi+1, . . . , vn−1}.
4.3 The regions Fi
We seek to write Fi (with i > 1)) as the disjoint union of wSi−1 over w ∈ Xi, where Xi is a suitable
subset ofWvi of cardinality n.
It is heuristically useful to examine Si and Si−1 around vi, which has coordinates x0 = . . . =
xn−i−1 = −i/n, xn−i = · · · = xn−1 = (n − i)/n. Let U be a small ball centered at vi. Then
U ∩ Si = U ∩ Fi is {~x ∈ U : x0 6 x1 6 · · · 6 xn−i−1} is the union of n(n − 1) · · · (n − i +
1) fundamenal domains of U/Wvi . On the other hand, U ∩ Si−1 is {~x ∈ U : x0 6 x1 6 · · · 6
xn−i−1, x−i is smalles among x−i, . . . , x−1, x0}. Therefore, U ∩ Si−1 is the union of (n − 1)(n −
2) · · · (n− i+ 1) fundamental domains of U/Wvi .
This gives some plausibility of findingXi with #Xi = n, as well as some restrictions onXi.
4.3.1 The case i = 1.
In this case, S0 = {x−1 6 x0 6 · · · 6 xn−2 6 x−1 + 1}. We take X1 = {(x−1x0 . . . xj)
−1 :
j = −1, 0, . . . , n − 2}. Then
⋃
w∈X1
wS0 is the union of S0 and {x0 6 · · · 6 xj 6 x−1 6 xj+1 6
· · · 6 xn−2 6 x0 + 1}, j = 0, . . . , n − 2. In other words, we are taking within the set {x0 6 · · · 6
xn−2 6 x0 + 1}, the union of the subsets {x−2 6 x−1 6 x0}, {xj 6 x−1 6 xj+1}, j = 0, . . . , n− 3,
{xn−2 6 x−1 6 x0 + 1}. The union is just {xn−2 6 xn−1 6 x0 + 2}. So we conclude
⋃
w∈X1
wS0 =
{x0 6 · · · 6 xn−2 6 x0 + 1, xn−2 6 xn−1 6 x0 + 2}. It is easily verified that this indeed agrees with
F1.
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4.3.2 Part of Xi.
It seems that X ′i = {(x−ix−j) : 1 6 j 6 i} should be part of Xi. Let us consider
⋃
w∈X′i
wSi−1. First
observe that Si−1 = {x0 6 · · · 6 xn−i−1 6 x−i + 1 6 min{x−(i−1) + 1, · · · , x−1 + 1, x0 + 1}}.
Therefore, the wSi−1’s are mutually disjoint for w ∈ Xi and
⋃
w∈X′i
wSi−1 = {x0 6 · · · 6 xn−i−1 6
min{x−i, . . . , x−1}+ 1 6 x0 + 1}. Thus
⋃
w∈X′i
wSi−1 ⊂ Si and
Si r
⋃
w∈X′i
wSi−1 = {x0 6 · · · 6 xn−i−1 6 x0 + 1 6 min{x−i, . . . , x−1}+ 1}.
Compare with
Ti(Si) = {x0 6 · · · 6 xn−i−1 6 x0 + 1 6 min{x−i, . . . , x−2, x−1 − 1}+ 1}.
We conclude Ti(Si) ⊂ Si r
⋃
w∈X′i
wSi−1 and
Si r

Ti(Si) ∪ ⋃
w∈X′i
wSi−1

 = {x0 6 · · · 6 xn−i−1 6 x0 + 1 6 min{x−i, . . . , x−1}+ 1, x0 + 1 > x−1}.
We seek to write this (call it Y below) as the union of (n− i) regions of the form wSi−1.
4.3.3 The case i = n− 1.
In this case we are just asking whether Y = {x−1 − 1 6 x0 6 min{x−(n−1), . . . , x−1}} is a wSn−2.
Indeed, we already have used
(x−(n−1)x−1)Sn−2 = {x0 6 x−1 + 1 6 min{x−(n−2), . . . , x−2, x−(n−1), x0}+ 1}.
Thus we have exactly (x−1x0)(x−(n−1)x−1)Sn−2 = Y , as expected.
4.3.4 The case i = n− 2.
Notice Y = {x0 6 x1 6 x0 +1 6 min{x−(n−2), . . . , x−2}+1, x0 6 x−1 6 x0 +1}. The hyperplane
x1 = x−1 cuts Y into two parts
Y0 = {x0 6 x−1 6 x1 6 x0 + 1 6 min{x−(n−2), . . . , x−1}+ 1}
= {x−1 6 x1 6 xn 6 min{x2, . . . , xn−1, x−1 + 1}},
Y1 = {x1 6 x−1 6 xn 6 min{x2, . . . , xn−1, x1 + 1}}.
Both are congruent to Sn−3 = {x0 6 x1 6 x2 6 min{x3, . . . , xn−1, x0 + 1}}.
4.3.5 The case of general i, 2 6 i 6 n− 2.
In general, we can write Y = {x0 6 · · · 6 xn−i−1 6 x0 + 1 6 min{xn−i, . . . , xn−2}, x0 6 x−1 6
x0 + 1}. The (n− i− 1) hyperplanes x1 = x−1, . . . , x−1 = xn−i−1 then cut Y into (n− i) parts:
Y0 = {x−1 6 x1 6 · · · 6 xn−i−1 6 xn 6 min{xn−i, . . . , xn−2, x−1 + 1}},
Yj = {x1 6 · · · 6 xj 6 x−1 6 xj+1 6 · · · 6 xn−i−1 6 xn 6 min{xn−i, . . . , xn−2, x1 + 1}},
1 6 j 6 n− i− 1.
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Again, each part is congruent to Si−1. Specifically, we have Yj = wjSi−1, where
w−1j (x0, . . . , xn−1) =

(xn−1 − 1, x1, . . . , xn−i−1, x0 + 1, xn−i, . . . , xn−2), j = 0,(x1, . . . , xj , xn−1 − 1, xj+1, . . . , xn−i−1, x0 + 1, xn−i, . . . , xn−2), 1 6 j 6 n− i− 1.
Now we can put Xi = {(x−ix−j) : 1 6 j 6 i} ∪ {wj : 0 6 j 6 n − i − 1}. It is easy to check that
Xi ⊂Wvi .
4.4 Length-preserving decomposition
Put Xn to be the subgroup of Wv0 that permutes x0, . . . , xn−1 cyclically and put Ti be the monoid
generated by Ti. Then the map
Xn × Tn−1 × · · · ×X2 × T1 ×X1 →W
aff ,
(xn, tn−1, . . . , x2, t1, x1) 7→ xntn−1 · · ·x2t1x1,
is a bijection.
Now we have obtained a decomposition of the affine Weyl group. The goal is to use such decompo-
sition to prove the part (b) of Conjecture 1.0.1. Note that if the decomposition is length-preserving, then
for any linear representation σ ofHq(W,S), we obtain the following identity of twisted Poincare´ series.
W aff(σ, u) = Xn(σ, u)Tn−1(σ.u) · · ·X2(σ, u)T1(σ, u)X1(σ, u),
which implies that
detW aff(σ, u) =
(
n∏
i=1
detXi(σ, u)
)n−1∏
j=1
detTj(σ, u)

 .
In this case, it remains to show that
• The element Ti is the hyperbolic generator of some geodesic tube.
• The productXn · · ·X1 is a length-preserving alternating product of proper parabolic subgroups.
However, the decomposition we have obtained is not length-preserving and we shall replaceXi by some
other set Xˆi.
4.4.1 Geodesic tubes and Ti.
Recall that
Ti(~x) = (xn−i−1 − 1, x0, . . . , xn−i−2, xn−i+1, . . . , xn−1, xn−i + 1),
where −i appears n− i times and n− i appears i times. By direct computation, we have
T
(n−i)i
i (~x) = ~x+ nω
∨
i ,
Therefore, Ti is hyperbolic and
vTi =
n
(n− i)(i)
ω∨i .
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Theorem 4.4.2. The element Ti is the straight hyperbolic generator of some geodesic tube of direction
ω∨i and of length n.
Proof. Note that
s0Tisi(~x) = (xn−i−1, x0, . . . , xn−i−2, xn−i+1, . . . , xn−1, xn−i) = (sn−1sn−2 · · · si+1)(s1 · · · si−1)(~x).
We obtain that
Ti = s0(sn−1sn−2 · · · si+1)(s1 · · · si−1)si.
Thus, Ti admits a word expression of length n. Since 〈2ρ, vTi〉 = n, by Theorem 2.5.1, Ti is straight of
length n.
Next, let us show that Ti stabilizes some geodesic tube. By Corollary 2.4.2, it is sufficient to show
that Min(Ti) contains a point y not contained in any wall.
Set
y =
(
−(n− i) + 1
2(n− i)
,
−(n− i) + 3
2(n− i)
, · · · ,
(n− i)− 1
2(n− i)
,
−i+ 1
2i
,
−i+ 3
2i
, · · · ,
i− 1
2i
)
.
We have Ti(y) = y+ vTi , which means y ∈ Min(Ti). On other hand, for any root α = ±ej ± ek, 〈α, y〉
is always not an integer. Thus, y is not contained in any wall.
Since Ti is straight of length n, we obtain the following result
Corollary 4.4.3. For type A˜n−1, the following holds.
Ti(u) =
∞∑
k=0
uℓ(Ti
k) =
∞∑
k=0
ukn =
1
1− un
.
4.4.4 Modifying Xi
As we mentioned before, the decomposition
Xn × Tn−1 × · · · ×X2 × T1 ×X1
ofW aff is not length-preserving and we have to replaceXi by some other set Xˆi.
By Theorem 3.5.1 in [KM18], the decomposition is length-preserving if and only if
Xˆn(u)Tn−1(u) · · · Xˆ2(u)T1(u)Xˆ1(u) = W
aff(u) =
1− un
(1 − u)n
.
Together with the formula Ti(u) =
1
1−un from Corollary 4.4.3, we can rewrite the above condition as
Xˆn(u) · · · Xˆ2(u)Xˆ1(u) =
(1− u)n
(1− un)n
.
The stabilizer of Si (resp. Ti(Si), Fi, Si−1) in Wvi is the symmetric group of {x−i, . . . , x−1}
(resp. {x−i, . . . , x−2}, {x−i, . . . , x−2}, {x−(i−1), . . . , x−1}. We can replaceXi with {gxhx : x ∈ Xi},
where g ∈ StabWvi (Fi), hx ∈ StabWvi (Si−1) for all x ∈ Xi.
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However, we will produce a modified version ofXi directly using the following observation. Let Y−j
be obtained from Si−1 by applying the transposition (x−i, x−j), for j = 1, . . . , i. Then Y−i = Si−1,
and Y−j+1 is obtained from Y−j by applying the simple reflection (x−j , x−j+1), for j = i, i− 1, . . . , 2.
By looking directly at the defining inequalities of Y−1 and Y0, we see that Y0 is obtained by applying the
simple reflection (x−1, x0) to Y−1. That is, the preceding statement is also true for j = 1.
One can also observe directly that Yj+1 is obtained from Yj by applying the non-simple reflection
(x−1, xj+1), for j = 0, 1, . . . , n− i− 2. Thus it is natural to consider Xˆi = {u−i, . . . , un−i−1}, where
u−i is the identity, u−j+1 is (x−j , x−j+1)u−j for j = i, i − 1, . . . , 1, and uj+1 = (x−1, xj+1)uj for
j = i, i− 1, . . . , 1. Note that
u−i = 1, u−i+1 = si−1, ui+2 = si−2si−1, · · · , u0 = s0s1 · · · si−1 = (x0x−1 · · ·x−i).
Moreover, for j = 0, 1, . . . , n− i− 2,
uj+1 = (x−1, xj+1)(x−1, xj) · · · (x−1, x1)u0 = (x−1x1x2 · · ·xj)u0 = u0(x0x1x2 · · ·xj) = u0sn−1sn−2 · · · sn−j−1.
It is pretty easy to see that u−i+k is a (k + 1)-cycle for k = 0, . . . , n − 1, and ℓ(u−i+k) = k for
k = 0, . . . , i. One can also check that l(u−i+k) = k for k = i + 1, . . . , n − 1 by counting the number
of inversions of ui+k. Therefore, we have Xˆi(u) = 1 + u + u
2 + · · ·+ un−1 = (1 − un)/(1 − u) for
i = 1, . . . , n. We summarize the discussion of this section as the following theorem.
Theorem 4.4.5. The map
Xˆn × Tn−1 × · · · × Xˆ2 × T1 × Xˆ1 →W
(xn, tn−1, . . . , x2, t1, x1) 7→ xntn−1 · · ·x2t1x1,
is a bijection, and is a length-preserving decomposition.
Consequently, we have
Corollary 4.4.6. For a finite dimensional representation σ ofHq(W,S), we have
detW (σ, u) =
(
n∏
i=1
det Xˆi(σ, u)
)(
n−1∏
i=1
detTi(σ, u)
)
.
4.4.7 The set Xˆi and parabolic subgroups
Fix i and let tj = (x−i+j−1x−i+j) = si−j , then t1, · · · , tn−1 generate a subgroup of type An−1. From
the previous subsection, the set Xˆi consists two kinds of elements:
{1, t1, t2t1, t3t2t1, · · · , ti−1ti−2 · · · t1}
and
w · {1, ti+1, ti+1ti+2, · · · , ti+1ti+2 · · · tn−1}.
Here w = titi−1 · · · t1. To simplify the notation, set
[a, b] := {ta, ta+1, · · · , tb−1, tb}.
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By Example 3.1.2, we can rewrite Xˆi asZ1
⋃
Z2.HereZ1 = W[1,i−1]/W[2,i−1], andZ2 = w
(
W[i+2,n−1]\W[i+1,n−1]
)
.
Let Yi = W[i+1,n−1]. Then we have
Yi · Z1 = Z1 · Yi.
Moreover, since w andW[i+2,n−1] commute, we have
Yi · Z2 = W[i+1,n−1]w
(
W[i+2,n−1]\W[i+1,n−1]
)
=
(
W[i+1,n−1]/W[i+2,n−1]
)
W[i+2,n−1]w
(
W[i+2,n−1]\W[i+1,n−1]
)
=
(
W[i+1,n−1]/W[i+2,n−1]
)
wW[i+2,n−1]
(
W[i+2,n−1]\W[i+1,n−1]
)
=
(
W[i+1,n−1]/W[i+2,n−1]
)
wW[i+1,n−1]
= {1, ti+1, ti+2ti+1, · · · }w · Yi.
Furthermore, we have
Z1
⋃
{1, ti+1, ti+2ti+1, · · · }w = {1, t1, t2t1, · · · , tn−1tn−2 · · · t1} = W[1,n−1]/W[2,n−1].
We conclude that
Yi · Xˆi = Yi · (Z1 ∪ Z2) =
(
Z1
⋃
{1, ti+1, ti+2ti+1, · · · }w
)
· Yi = W[1,n−1]/W[2,n−1] · Yi.
Note that in the proof of the above equality, we see that the expressions of every word in two sides of
the equation are of the same length. On the other hand, since Yi ⊂ W[2,n−1], the right-hand side of the
above equality is a length-preserving product and so is the left-hand side. Therefore,
Xˆi = Yi\(W[1,n−1]/W[2,n−1] · Yi) ∈ P
and
ιXˆi = ιW[1,n−1] − ιW[2,n−1] .
Recall that [1, n−1] = {t1, · · · , tn−1} = {si−1, si−2, · · · , si−n+1} and [1, n−2] = {si−1, si−2, · · · , si−n+2}.
When i run through 1 to n, we obtain n distinct parabolic subgroups of type An−1 and n distinct
parabolic subgroups of type An−2. Therefore,
ιXˆn···Xˆ2Xˆ1 =
∑
I⊂S
WI is of typeAn−1
ιWI −
∑
J⊂S
WJ is of typeAn−2
ιWJ ,
Together with the result in Example 3.5.1, we prove the following result.
Theorem 4.4.8. The set Xˆn · · · Xˆ2Xˆ1 is a length-preserving alternating product of proper parabolic
subgroups.
Combining Theorem 5.2.5, Theorem 4.4.8, and Corollary 5.2.5, we prove the part (b) of Conjecture
1.0.1 for type A˜n−1.
5 Result for Type C˜n−1
5.1 Setting
To study the case C˜n−1, let A be the affine space of dimension n− 1. For ~x = (x1, · · · , xn−1) ∈ A, set
ei(~x) = xi. Then
{a0 := 1− 2e1, a1 := e1 − e2, . . . , an−2 := en−2 − en−1, an−1 = 2en−1}
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are affine functions forming a system of simple affine roots. The corresponding fundamental domainD0
is defined by
{~x ∈ A :
1
2
> x1 > · · · > xn−1 > 0}.
Moreover, the fundamental coweights are given by
ω∨i = (1, 1, . . . , 1︸ ︷︷ ︸
n-times
, 0, · · · , 0)
for i = 1 to n− 2 and
ω∨n−1 =
1
2
(1, · · · , 1).
The sum of positive roots is
2ρ = 2(n− 1)e1 + 2(n− 2)e2 + · · ·+ 4en−2 + 2en−1.
Roots are ±ei ± ej for all 1 6 i < j 6 n− 1 and ±2ei for all 1 6 i 6 n− 1.
Let si be the orthogonal reflection through the hyperplane {~x ∈ A : ei(x) = 0}. More precisely,
si is the transposition (xixi+1) for i = 1 to n − 2, s0(~x) = (1 − x1, x2, · · · , xn−1), and sn−1(~x) =
(x1, · · · , xn−2,−xn−1).
Then S = {s0, s1, · · · , sn−1} is the standard generating set of the affine Weyl groupW
aff , which is
of type C˜n−1.
5.2 The regions Si and the operator Ti
For 0 6 i 6 n− 1, we put
S0 = {~x ∈ A : x1 > · · · > xn−1 > 0}.
and
Si = {~x ∈ A : xn−i + 1 > x1 > · · · > xn−1 > 0}.
(Note that Sn−1 = {~x ∈ A : x1 > · · · > xn−1 > 0}.)
For 1 6 i 6 n− 1, we define the operator Ti : A→ A by the formula
Ti(~x) = (xi + 1, x1, x2, · · · , xi−1, xi+1, xi+2, · · · , xn−1).
Thus T−1i (~x) = (x2, x3, · · · , xi−1, x1 − 1, , xi+1, · · · , xn−1) and
Ti(Si) = {~x ∈ A : x1 > x2 > xi > x1 − 1 > xi+1 > · · · > xn−1 > 0} ⊂ Si.
It is immediately verified
⋂
N>0 T
N
i (Si) is empty and Si−1 = Si r Ti(Si) can be regarded as a
fundamental domain for the monoid {TNi : N > 0}.
Note that we have
D0 ⊂ S0 ⊂ S1 ⊂ · · · ⊂ Sn−1 ⊂ A
and it remains to find two subsets X1 and Xn ofW
aff , such that D0 is the fundamental domain for X0
acting of S0 and Sn−1 is the fundamental domain ofXn acting on A. ThenXn×Tn−1×Tn−2× · · · ×
T1 ×X1 will gives a factorization ofW
aff as the case of type A˜n−1.
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5.2.1 The sets X1 andXn
Let vi be the vertex of the fundamental chamber fixed by sj for all j 6= i. LetWvi be the stabilizer of vi,
which is equal to the parabolic subgroup generated by {s0, s1, . . . , si−1, si+1, , . . . , sn−1}. Set
X1 = Wv0,vn−1\Wvn−1 := {w ∈Wvn−1 : ℓ(siw) = ℓ(w) + 1, ∀i = 1 ∼ n− 1}.
HereWv0,vn−1 := Wv0 ∩Wvn−1 .
Theorem 5.2.2. TheD0 is a fundamental domain forX1 acting on S0.
Proof. Since D0 is the closure of the fundamental chamber, it is a fundamental domain of W
aff and it
remains to show thatX1(D0) :=
⋃
w∈X0
w(D0) is equal to S0. To do so, consider the transformation
g(~x) = (xn−1, xn−2, · · · , x1)−
1
2
(1, · · · , 1).
Then for all 0 6 i 6 n− 1, it is easy to see that
g−1sig = sn−i and g(D0) = D0.
Set Y1 = Wv0,vn\Wv0 , then we have Y1 = gX1g
−1. Therefore, we can first study Y1(D0) and then
apply the above relation to obtain X1(D0). Recall that Wv0 is of type Cn−1 and it consists all sign
permutations on coordinates. Thus, we have
Wv0(D0) =
⋃
w∈Wvn
w(D0) = {~x ∈ A :
1
2
> x1, x2, · · · , xn > −
1
2
}.
On the other hand, for any ~x in the interior ofD0 and w ∈W
aff , we have
ℓ(siw) = ℓ(w) + 1 ⇔ ei(w(~x)) > 0.
Therefore,
Y1(D0) = {~x ∈ Wv0(D0) : ei(x) > 0 , for i = 1, · · · , n− 1}
= {~x ∈ A :
1
2
> x1 > x2 > · · · > xn > −
1
2
}.
Finally, we have
X1(D0) = g
−1Y1g(D0) = gY1(D) = S0.
Next, set Xn = Wv0 , which consists all sign permutations on coordinates. Since Sn−1 = {~x ∈ A :
x1 > · · · > xn−1 > 0}, it is obvious that Sn−1 is a fundamental domain ofXn acting on A.
As we mentioned in the end of the previous subsection, now we have the following result.
Theorem 5.2.3. The following map
Xn × Tn−1 × · · · × T1 ×X1 →W
aff ,
(xn, tn−1, . . . , x2, t1, x1) 7→ xntn−1 · · ·x2t1x1,
is a bijection.
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As the case of type A˜n−1, to prove the part (b) of Conjecture 1.0.1, it remains to show that
(a) The element Ti is the hyperbolic generator of some geodesic tube.
(b) The decomposition in the above theorem is length-preserving.
(c) The productXnX1 is a length-preserving alternating product of proper parabolic subgroups.
Note that the part (c) is immediately followed by (b) and Example 3.5.2.
5.2.4 Geodesic tubes and Ti
Recall that
Ti(~x) = (xi + 1, x1, x2, · · · , xi−1, xi+1, xi+2, · · · , xn−1).
Therefore,
(Ti)
i(~x) = ~x+

ω
∨
i , if i < n− 1;
2ω∨i , if i = n− 1.
This implies that Ti is hyperbolic with vTi =
1
iω
∨
i for i = 1 to n− 1 and vTn−1 =
2
n−1ω
∨
n−1
Theorem 5.2.5. The element Ti is the straight hyperbolic generator of some geodesic tube of direction
β∨i and of length 2n− i− 1.
Proof. First, let us show that Ti is straight. Observe that
s0s1 · · · sn−1(~x) = (xn−1 + 1, x1, · · · , xn−2) = Tn−1(~x).
Moreover, we also have
Ti−1 = Tisi−1
for all i, which inductively gives us a word expression of Ti of length 2n− i− 1. On the other hand, we
have 〈2ρ, vTi〉 = 2n− i− 1. By Theorem 2.5.1, Ti is straight of length 2n− i− 1.
Second, let us show that Ti stabilizes some geodesic tube. By Corollary 2.4.2, it is sufficient to show
that Min(Ti) contains a point y which is not contained in any wall. Set
y =
(
i− 1
i
,
i− 2
i
, · · · ,
1
i
, 0, · · · , 0
)
+
(
ǫ, · · · , ǫ︸ ︷︷ ︸
i-times
, 2ǫ, 3ǫ, · · · , (n− i+ 1)ǫ
)
,
where ǫ is some real number. It is easy to verify that Ti(y) = y + vTi , which means y ∈ Min(Ti).
Moreover, for every rootα = ±ej±ek or 2ej , when ǫ is small enough, 〈α, y〉 is not an integer. Therefore,
such y is not contained in any wall.
Corollary 5.2.6. For type C˜n−1, the following holds.
Ti(u) =
∞∑
k=0
uℓ(Ti
k) =
∞∑
k=0
uk(2n−i−1) =
1
1− u2n−i−1
.
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5.3 Length-preserving Decomposition
Finally, let us show thatXn×Tn−1× · · · ×T1×X1 is a length-preserving decomposition ofW
aff . By
Theorem 3.5.1 in [KM18], the decomposition is length-preserving if and only if
Xn(u)X1(u)
n−1∏
i=1
Ti(u) = W
aff(u).
Recall that X1 = Wv0,vn−1\Wvn−1 and Xn = Wv0 . Since Wv0 and Wvn−1 are of type Cn−1,
Wv0,vn−1 is of type An−2, andW
aff is of type C˜n−1, their Poincare´ series are known as
Wv0(u) = Wvn−1(u) =
n−1∏
i=1
1− u2i
1− u
, Wv0,vn−1 =
n−1∏
i=2
1− ui
1− u
, and W aff(u) = Wv0(u)
n−1∏
i=1
1
1− u2i−1
.
(The formula of Poincar’e series of Weyl groups and affine Weyl groups can be found in Chapter 3 and
Chapter 8 of [Hum90].) Together with Corollary 5.2.6, we haveXn(u)X1(u)
∏n−1
i=1 Ti(u) = W
aff(u).
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